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We model and simulate the stepping dynamics of the kinesin motor including electric and mechan-
ical forces, environmental noise, and the complicated potentials produced by tracking and neighbor-
ing protofilaments. Our dynamical model supports the hand-over-hand mechanism of the kinesin
stepping. Our theoretical predictions and numerical simulations include the off-axis displacements
of the kinesin heads while the steps are performed. The results obtained are in a good agreement
with recent experiments on the kinesin dynamics.
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Microtubules (MTs) are cylindrically shaped
cytoskeletal biopolymers. They are found in eu-
karyotic cells and are formed by the polymeriza-
tion of a heterodimer of two globular proteins, α
and β tubulin. Under suitable conditions, tubu-
lin heterodimers assemble into linear protofila-
ments (PFs), and MTs are realized as hollow
cylinders typically formed by 13 parallel PFs
covering the wall of MT. The outer diameter of
a MT is about 25 nm, and the inner diameter is
about 15 nm. In the ground state the MT has
a permanent dipole momentum along the MT.
This results in the uniform electric field along
the MT [1–4].
Kinesin and related motor proteins convert
the chemical energy of ATP hydrolysis to move
themselves along the PF. Conventional kinesin
(kinesin-1) moves progressively from the “−”
end to the “+” end of the MT. It can make
100 or more steps before dissociating from the
MT. The observed maximum propagation ve-
locity of kinesin in vivo is between 600 nm/s and
2000 nm/s, and it depends on various chemical
and physical factors, especially on the concen-
tration of ATP [5–9].
Currently, a commonly accepted mechanism
of the kinesin stepping is the hand-over-hand
mechanism [10–16]. The hand-over-handmodel
assumes that the kinesin uses both of its mo-
tors by alternately stepping along a single PF.
The hand-over-hand model predicts that, for
each ATP hydrolysis cycle, the rear head moves
around the front (immobile) head performing
the displacement 2l0, where l0 is the distance
between the heads attached to the MT [15, 16].
One challenge is to explain recent experi-
ments on the kinesin dynamics which demon-
strated a strong off-axis displacement of the
kinesin head while the step is performed, the
structure of sub-steps, and other details of the
kinesin dynamics [17, 18]. Prior models of the
kinesin stepping cannot explain these results,
since in these models the free (detached) ki-
nesin head only moves in the plane orthogonal
to the MT surface [19–22].
In our model, the step-like motion is due to
time-varying charge distributions, following by
the ATP hydrolysis cycle. The uniform electric
field on the surface of the MT has two functions:
to push the trailing head forward to the next
docking site and to load the coiled spring. The
asymmetric torsional energetic barriers in the
coiled coil region appear because of chirality of
the coiled-coils [14, 23].
Thus, when the trailing head steps forward,
the neck coiled-coil is overwound relative to the
relaxed state. At the next step, when the other
head moves, the coiled spring is underwound,
and the system is returned to its initial state,
with the both heads shifted by 2l0 and being
attached to the MT, and the neck coiled-coil
relaxed.
2Modeling the Stepping Dynamics. – The
kinesin-MT binding-interface is dominated by
ionic interactions. Since initially both heads
are positively charged, the interaction of the
heads with the negatively charged tubulin het-
erodimers provides a stable (locked) state of the
kinesin [24, 25].
Before the first step begins, both heads of the
kinesin are attached to neighboring β-tubulins.
When an ATP binds into the rear attached
head, the ATP hydrolysis cycle begins, and a
general reorganization of the motor domain oc-
curs. This leads to local charge redistribution:
the kinesin head becomes negatively charged
and electrostatically unstable. As a result, the
trailing head is unlocked and begins to move in
the electric field around the leading head, un-
til reaching the closest docking site (β-tubulin
subunit). Due to the continuing redistribution
of the charge, the trailing head becomes posi-
tively charged and attached to the pocket lo-
cated at the β-tubulin subunit. Thus, every ki-
nesin step includes docking of the leading head
to the β-tubulin followed by rotation of the
trailing head. (See Fig. 1.)
FIG. 1: (Color online) Kinesin walking along a MT.
Since the mass of the kinesin head is very
small (m ≈ 6.3 · 10−19g) [26], the kinesin dy-
namics can be described by an over-damped
Langevin equation:
γ
dr
dt
= −∇V (r, t) + Fex(r, t) + ξ(t), (1)
where γ is the damping coefficient, V is the
potential energy of the trailing head interact-
ing with the surrounding electric field, and Fex
describes external forces. The environment
is simulated by the thermal noise, ξ(t), with
the properties: 〈ξi(t)〉 = 0 and 〈ξi(t)ξj(t
′)〉 =
2γkBTδijδ(t − t
′), where T is the temperature.
The available experimental data on the be-
havior of the kinesin motor proteins show that
the drag (stall) forces exerted on them in living
cells are: F ∼ (4 ÷ 7) pN [27–29]. The maxi-
mum velocity of the kinesin in vivo can be esti-
mated as: 〈v〉 = (1800÷ 2000) nm/s [6]. Using
the relation: F = γ〈v〉, one can estimate the
damping coefficient as: γ ∼ (2÷ 3.5) · 10−3 pN ·
s/nm.
FIG. 2: (Color online) Docking potential land-
scape. The red and blue curves show the trajec-
tories of the right and the left heads, respectively.
The stiffness of the neck linker is: k = 1.75 pN/nm,
τα = 0.5 pN · nm · rad
−1.
We choose the x-axis along the PF, and we
assume that the kinesin moves in the (x, y)-
plane, in the positive x-direction. The potential
energy of the system can be separated into two
parts: V (r, t) = q(t)(Vem(r) + Vd(r)), where
Vem = Ex is the potential of the uniform elec-
tric field E near the surface of the MT; the
time-dependent charge of the trailing head is
q(t), and Vd is the docking potential.
The periodic docking potential we define as
follows: Vd(r) =
∑
m,n Vmn(r), where m,n =
0,±1,±2, . . . and
Vmn =−
a1e
(z0−rmn)/κ√
(x− xmn)2 + (y − ymn)2 + z20
.
(2)
The pocket is located at the point (xmn, ymn)
of the docking site (β-tubulin subunit) belong-
ing to m-th PF. The constant, z0, denotes the
minimum distance between the effective charge
of the head and the surface of the MT. The
parameter, κ, characterizes the Debye radius.
In Fig. 2, the docking potential landscape
is depicted for three PFs (m = −1, 0, 1). The
3asymmetry in the docking potential is produced
by the neighboring PFs. The kinesin moves
along the central PF (m = 0) in the positive di-
rection of the x-axis. The trajectory of the left
head is shown in blue, and the trajectory of the
right head is shown in red. For the given choice
of parameters, the ratio of the maximum off-
axis displacements for the right and left heads
is ≈ 1.
FIG. 3: (Color online) Charge of the trailing head
(in units of the electron charge, e) as a function of
time. Parameters: β1 = 10ms
−1, β2 = 10ms
−1,
t0 = 2ms, and δ = 12ms.
The function, q(t), describes a redistribution
of the total charge inside of the trailing kinesin
head due to a conformation provided by the
ATP hydrolysis cycle: q0 → −q0 → q0. At the
beginning of the first step, the trailing head has
a negative charge. At the end of the first step,
the trailing head becomes positively charged
and it attaches the β-tubulin.
We choose, q(t), as a pulse with the shape
given by,
q(t) =q0 −
q0
tanh
( δ
2
)( tanh(β1(t− t0))
− tanh(β2(t− t0 − δ)), (3)
where q0 is the charge of the kinesin head, and
t0 and t1 = t0+ δ define the times of unlocking
(locking) of the docking sites. (See Fig. 3.)
It is known that the inter-head tension is
required for normal kinesin motility [30]. We
relate the external force, Fex = Fel + Fτ , to
the nonlinear elastic interaction between linked
heads in the domain of the neck linker, and to
the coiled spring, located in the domain of neck
coiled coil [31]. Here Fel stands for the elas-
tic force in the neck linker, and Fτ is the force
caused by torque of the coiled spring [32].
To describe the elastic energy of the inter-
action between the heads we use the finitely
extensible nonlinear elastic (FENE) potential
[33–35],
Vel =


−
kR2
0
2 ln
(
1− (l−l1)
2
R2
o
)
, |l − l1| < R0
∞, |l − l1| > R0
(4)
Here l = |r − rd| is the distance between the
trailing head and the locked head located at the
point rd, l1 being an equilibrium distance, and
k is the stiffness of the string. The parameter,
R0, determines a maximum allowed separation:
l1 − R0 < l < l1 + R0. For the elastic force
acting on the trailing head, we obtain: Fel =
−∂Vel/∂r.
When the electric field drags the trailing head
in the positive direction of the x-axis, the coiled
spring is loaded. This results in the additional
force, Fτ , acting on the head due the internal
torque, τα, of the coiled spring. We assume that
the potential energy stored in the coiled spring
can be written as, Vτ = 2ταN
2 sin2(ϕ/2N),
where ϕ is the turning angle, and N is the
number of the active coils. Thus, the minimum
of the potential energy corresponds to, ϕ = 0.
When the external force is applied to load the
spring, the potential energy stored in spring is
given by, ∆Vτ = 2ταN
2 sin2(∆ϕ/2N), where
∆ϕ is the deflection angle.
Stepping dynamics. – We assume that the
bounded (leading) head of the kinesin is ini-
tially located on the surface of the MT, at the
origin of the coordinates. The position of the
tethered (tailing) is described by the radius vec-
tor, r = r(cosα, sinα, 0). Assuming that the
coiled spring is unloaded, we obtain, ϕ = pi−α.
Due to the asymmetry of the docking poten-
tial, when the rear head is released, the electric
field pushes the head out of the pocket to the
right, in the negative direction of the y-axis.
Next, the uniform electric field of the MT drags
the head in the positive direction of the x-axis.
Thus, at the first step the trailing (right) head is
rotating in the counterclockwise direction. Its
motion is described by Eqs. (1) with,
Fτ = −Θ(t− t0)ταN sin
(
pi − α
N
)
∇α, (5)
where Θ(t− t0) is the Heaviside step function.
When the right head reaches the next docking
site, it is locked, and, for a while, both heads
are in the locked state.
The second step begins when the formerly
leading head (now the trailing head) is released.
4FIG. 4: (Color online) Total potential energy land-
scape for the unbounded heads. Left panel: trajec-
tory of the right trailing head (red). Right panel:
trajectory of left trailing head (blue). The stiff-
ness of the neck linker is: k = 2pN/nm, τα =
0.5 pN · nm · rad−1.
(a)
(b)
FIG. 5: (Color online) (a) Kinesin steps: the av-
erage step size is about 16.4 nm. (b) Displacement
as a function of time. Inset: Dependence on time
of the distance between heads, l(t)). Left trailing
head (blue), right trailing head (red).
Since, during the first step the potential energy,
∆Vτ = 2ταN
2 sin2(pi/2N), was stored in the
coiled spring, the trailing head experiences now
the torque generated by the coiled spring. The
force, acting on the trailing head due to the
torque of the coiled spring, can be written as,
Fτ = Θ(t− t1)ταN sin
(
2pi − α
N
)
∇α, (6)
where t1 is the dwell time. Now the rotation
of the head occurs in the clockwise direction.
Below, we call this head the left head. When the
second step is completed, the kinesin is in the
same state as before its first step: both heads
are attached to the neighboring β-tubulins, and
the cycle is repeated.
Note, that the direction of rotation of the
left head depends on the torque and the con-
formation processes inside the kinesin. If the
coiled spring was not relaxed, or was not re-
laxed enough, the rotation of the trailing head
will be performed in the clockwise direction.
However, if during the stable state, with both
heads being attached, the coiled spring was re-
laxed, the second step would occur in the coun-
terclockwise rotation. Motion in which both
heads of the kinesin rotate in the counterclock-
wise direction was observed in [18].
(a)
(b)
FIG. 6: (Color online) The trajectories show the
displacement of the right trailing head (red) and
the left trailing head (blue) along the MT. (a) Re-
sults of numerical simulations demonstrate the oc-
currence of substeps. (b) Experimental data taken
from [17]. Printed with permission of PNAS.
Numerical results. – From the recent ex-
perimental data it follows that the average ki-
nesin head displacement in the x-direction is:
5(a)
(b)
FIG. 7: (Color online) Examples of trajectories
show the position of the kinesin trailing head vs
time: (a) position on the x-axis, (b) position off
the x-axis. Trajectory of the right (left) heads is
shown by the red (blue) color. For each head,
one can observe clear evidence of the substeps.
The stiffness of the neck linker is: k = 2pN/nm,
τα = 0.5 pN · nm · rad
−1.
2l0 ≈ 16.4 nm [17, 18]. Parameters used in our
numerical simulations were chosen to obtain the
best fit to the experimental data presented in
[17]. We chose: N = 2; γ = 2.75 pN · ms/nm;
V0 = 150 pN · nm; τα = 0.5 pN · nm/rad; l0 =
8.2 nm; l1 = 7nm; R0 = 3.5 nm; k = 2pN/nm
[37]; V1 = 10
3 pN · nm2; z0 = 2nm; l1 = 7nm;
κ = 0.75 nm [38]. Here we set: V0 = q0l0E and
V1 = q0a1.
Our computation produces reasonable values
of the electric field on the surface of the MT
and the energy stored in the coiled spring af-
ter the first step: E ∼ 106V/m and ∆Vτ ≈
1.57 pN · nm. The average elastic force is found
to be 〈Fel〉 ≈ 5 pN. This is in agreement with
available data for the magnitude of the drag
force [28].
In Figs. 4 – 6 the results of the numeri-
cal simulations, without environmental noise,
are presented. As one can observe, the neck
linker forces the trailing head to move forward
by ≈ 2 nm. This is in a good agreement with
the available experimental data on displace-
ment of the connection point of head forward by
∼ 2.7 nm [36]. The results obtained show clear
evidence of substeps: one substep for the right
head and two substeps for the left head. The
appearance of substeps is due to the interaction
with the (repulsive) docking potentials located
at the sites on the neighboring PFs (Fig. 4).
As shown in Figs. 4 and 5, the ratio of the
maximum off-axis displacements for the right
and left heads is ≈ 2. This result agrees with
experimental data obtained in [17].
In Fig. 7, the results of solution of the
Langevin stochastic equation (1) are presented.
To obtain the numerical solution, Itoˆ calculus
has been applied, with the diffusion parameter,
σ =
√
2kBT/γ, being σ = 1.74ms · nm
−1.
Our results, presented in Fig. 5 – Fig. 7,
show good agreement with the experimental
data obtained in [17]. (See Fig. 6b.)
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